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ALL RELATIVISTIC MOTIONS
CAN BE GEODESICALLY DESCRIBED
ANGELO LOINGER AND TIZIANA MARSICO
Abstract. A suitable choice of the four components of the metric ten-
sor which are at our discretion allows to represent geodesically also the
non-gravitational motions.
PACS 04.20 – General relativity.
1. INTRODUCTION
You find in previous papers (Loinger, 2008) the demonstration that the
motions of point-masses which interact only gravitationally are geodesic –
for instance, the motions of the elements of the emblematic “cloud of dust”.
In this Note we prove that the presence of non-gravitational interactions
– e.g., electromagnetic interactions – does not forbid a geodesic description
of the trajectories of the “dust” corpuscles.
2. THE PROOF
First of all, we consider an electrically charged “cloud of dust”. The per-
tinent Einstein and Maxwell equations are (c = G = 1; j, k, r . . . = 0, 1, 2, 3):
(1) Rjk −
1
2
gjkR+ 8π̺ vjvk + 8πEjk = 0 ;
(2) − σvj + (4π)−1F jk
:k = 0 ,
(2’) Fjk,r + Fkr,j + Frj,k = 0 ;
where: the colon and the comma denote, respectively, a covariant and an
ordinary derivative; ̺ is the mass density of the “dust”, Ejk is the stress-
energy-momentum tensor of the electromagnetic field F jk, σ is the charge
density.
As it is well known, the field equations (1) have as a consequence:
(3) (̺ vjvk + Ejk):k = 0 ,
from which – owing to equations (2) –(2’) and to the equations of matter
conservation (̺vj):j = 0 – we get the equations of motion of the “dust”
elements:
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(4) ̺ vj:k v
k + σFjkv
k = 0 .
This result does not depend on the choice of a particular reference frame.
Now, let us choose the four components of the metric tensor gjk which
are at our discretion in such a way to satisfy the four conditions:
(5) Ejk
:k = 0 ;
then, if we call g∗jk the new components of the metric tensor, we have,
with an evident notation:
(6) (̺ v∗jv∗k):k = v
∗j
:k v
∗k = 0 ,
i.e., a geodesic motion. Remark that eqs. (6) follow from Einstein
equations (1), they are independent of Maxwell equations (2) – (2’).
The above considerations can be immediately generalized to the case of
a material stress-energy-momentum tensor given by
(7) ̺ vjvk + Ejk +Xjk ,
where Xjk is the sum of the matter tensors of further fields, in particular
of the field that characterizes a given continuous medium.
Indeed, if we choose new g∗jk’s in such a way that
(8) (Ejk +Xjk):k = 0 ,
we see that the “dust” elements perform the geodesic trajectories given
by eqs. (6).
We remark finally that the choice of the two metric forms correspon-
ding, respectively, to eqs. (5) and to eqs. (8) implies passages to two new
Riemann-Einstein manifolds.
(According to a famous similitude, we can imagine the four-dimensional
world as a mass of plasticine – which can be continuously deformed – tra-
versed by the world lines of the material particles).
3. A COROLLARY
The papers quoted in Loinger (2008) and the present paper have a mo-
mentous consequence with regard to the gravitational waves. A consequence
which is quite clear to any unprejudiced reader: the geodesic motions in
general relativity are perfectly analogous to the rectilinear and uniform mo-
tions in Maxwell theory – now, an electric charge in a rectilinear and uniform
motion does not emit electromagnetic waves.
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